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ABSTRACT 
Light is almost always detected by its interaction with 
matter. One of these interaction phenomena is the 
scattering of light by small particles. A model is 
developed that estimates the amount of energy that is 
scattered towards a detector from a beam given the locations 
of the source , detector and particle. This collection of 
particles is allowed to be very dense so that a photon 
scattered from the beam can be scattered several times 
before lea ing the scattering medium . By considering the 
single-scatter component and multiple-scatter component 
separately, the model retains the characteristics of both 
types . 
INTRODUCTION 
Light is rarely detected by direct observation of a 
source, but rather seen as reflections from objects in the 
light's path. Another process by which light is seen is 
scattering , or the interaction of light with small particles 
causing incident energy to be spread in all directions. 
This is the phenomenon observed when looking at the blue 
sk , clouds or at laser beams propagating in the atmosphere. 
Of particular interest is the latter case in which the 
presence of lasers is detected by observing scatter from 
atmospheric aerosols. 
Many factors determine the amount of scatter a beam 
will experience traversing a path in the atmosphere, such as 
temperature, humidity, altitude, etc., most of which mainly 
affect the size distribution and density of aerosol 
particles. This is particularly true if the scattering 
medium is a haze or fog, in which case the aerosol particles 
are approximately spherical water droplets in random motion. 
If we know the amount of scatter a beam will experience and 
the directions in which the energy will scatter, we can 
determ ine the amount of the beam's energy that will reach a 
detector at a location away from the beam's path. If we try 
to apply this idea to scattering in very dense media, such 
as thick water clouds, another problem arises. Not only 
2 
will the beam undergo scattering within the cloud, but even 
this scattered energy can be subsequently scattered--a 
ph enome non known as "multiple scattering". 
The model developed in this thesis will be most 
accurate in the visible-light and near infrared regions of 
the electromagnetic spectrum where there is negligible 
absorption by water vapor . It will also model longer wave-
lengths if absorption bands are avoided or if a correction 
factor for this absorption is included. These regions 
comprise a band f rorn about . 2 microns to 10 microns, 
encompassing the wavelengths of most lasers. Also, since 
mos geometries require the beam and scattered light to pass 
through a substantial amount of atmosphere, wavelengths out-
side this range will be severely attenuated by atmospheric 
b 
. 1 a sorption . 
\ e will attempt to model the cloud as a reflector and 
determine its equivalent reflectivity based on incident 
angle, scat ering angle, distance and scattering profile of 
the cloud . Figure 1 illustrates a typical geometry for 
which we must find the amount of beam energy that ultimately 
finds it way to the receiver . A source inclined 8B from the 
ground directs a well collimated laser beam at a cloud. A 
de tector inclined 8A from the ground captures scattered 

























Single Scatterin g from Particles 
Scattering by particles within a cloud can be 
determined if the size distributio n, density and directional 
scattering pattern, also called the "phase function", of the 
constituent particles are known . Integrating the product 
of these functions o er all sizes will yield a composite 
function for the cloud of particles. Unfortunately, phase 
the phase function is not easily integrated while the size 
distribution is never known exactly . 
H . c . an de Hulst has derived the phase function for 
spherical particles as a function of wavelength, particle 
radius and index of refraction, for an incident plane wave. 
This function is gi en in Appendix A, while the complete 
deri ation and some special cases can be found in van de 
Hulst s book. 2 
D . has numerically computed phase 
functions 
Diermendjian 
for some aerosols by reducing van de Hulst's 
equations to a simpler, recursive form and assuming a 




aerosols . 3 Diermendjian's book contains 
for selected wavelengths and aerosol size 
numerical 
distribu-
The f unctional simplifications are included in 
4 
5 
Appendix A . ' the particle size distributions are discussed 
in Appendix B. In Table I are some values of the phase 
function for a wavelength of 1.61 microns and a size 
distribution described by: 
n(r) = 2.373 r6e-l.5r ( 1 ) 
The right column has been normalized so all energy radiating 
into a sphere around the scatterer is equal to the energy 
scattered at the scatterer . Figure 2 is a plot of this 
phase function . 
Multiple Scattering 
The theory described thus far has one serious drawback: 
it is only valid for optical depths that produce predomi-
nantly single scatter . Optical depth is the ratio of phys-
ical depth to the mean distance between scatterers. If the 
ligh has a high probability of being scattered more than 
once before leaving the scattering medium, the previously 
described model is not accurate . 
Scatter from dense clouds has been characterized by 
both theoretical and empirical models . 5' 6' 7 Some models con-
sider only small-angle scatter to determine transmission of 
the signal passing through the cloud.8' 9 Other models concen-
trate on backscatter, for use in lidar (Light Detecting And 
Ranging) applications. Many models assume scattering by the 
particles within the cloud has no preferred direction of 
scatteri ng (uniform scattering). 
5 
TABL E I 
Phase Fu nct i o n Value s for 1. 61 
ormalized 
0 P (G) to 1 4TI 
0 26 .4 5 1. 2 7 
10 . 94 .050 
20 . 35 .019 
30 . 1 7 .0095 
40 . 092 .0052 
50 . 050 .0028 
60 . 028 .0016 
0 . 016 .00091 
80 . 0093 .00054 
90 . 0059 .00035 
100 . 0043 .00027 
110 . 0041 . 00 0 28 
12 0 . 0052 .00039 
130 . 0090 .00070 
140 . 017 .0011 
150 .0 17 .0010 
160 .015 .0012 
170 . 03 1 .0024 











































































































































































Single-scatter models tend to ignore the increase in 
scattered light due to multiple scatter, while multiple 
scatter models fail to account for special single scatter 
phenomena such as glories and cloudbows. 
Eq uation 2 will be used to express the energy returned 
from the cloud by considering its apparent . reflectance. 
Pc( 8A' 8B' R) = 1ss + a pms (2) 
Figure 3 illustrates a typical geometry. The cloud is 
a non-absorbing collection of spherical water droplets with 
a kno n size distribution . The source is monochromatic and 
its a elength is outside all atmospheric absorption bands. 
Effects such as change in polarization and spectral line 
broadening are not considered . 
The following method could be used to determine the 
unknown alues in Equation 2 . First, the amount of single 
scatter detected at a particular ground location could be 
calcula ed for the actual field of view. This is the Iss 
component . \ e could then let the field of view grow to 
infinite size yielding the total amount of single scatter to 
a gi en ground location . Summing received energy over all 
ground area would yield the total amount of single scatter 
from the cloud . All energy not single scattered would be 
assumed to be multiple scattered. The ratio of multiple 






















































The angular dependence of the multiple scatte r, Pm s ' would 
then be determined . 
SCATTERING MODEL 
The model below described will compute the scattered 
energy at a receiver under the following conditions: 
(1) Non -absorb ing scattering medium. 
(2) Very dense scatterer population such that 
multiple scattering is the dominant phenomenon 
affecting incident light . 
(3) Polarization effects are negligible. 
(4) The optical thickness of the scattering region is 
ery large . 
(S) Scatter angle is approximately constant. 
Single Scatter Component 
Figure 3 illustrates a beam entering a cloud and a 
detector whose field of vie\ includes a section of the beam 
propaga ing within it . The energy received at the detector 
from a small scattering element is given by: 
I 
6 
= e - Y ( d i + x) (1-e - Y 6x) p ( 8 ) e - Yd 2 ( f-) 2 
2 (3) 
The first term is the scatter from the beam before reaching 
the scattering element, 6x . The second term is the fraction 
of light incident on the scattering element that is 
scattered in all directions. -Term 3 is the single scatter 
phase function , describing the amount of scattered light in 
11 
12 
d irectio n e. Term 4 is the fraction of energy scattered 
from 6x that re ache s the cloud boundary in the direction of 
t h e detector . Th e fi f th term relates the area of the 
detecto r to t h e so li d angle subtended by it. 
Since 6x is ve r y sm a ll , a simplification in the second 
term can be made by usi n g a series expansion on the exponen -
tial function . 
(4) 
The second term of Equation 3 be co mes 
(5) 
Putting these results i n to Equa t ion 3 and integrating over 
the length of the beam will giv e t h e energy at the receiver. 
Equation 6 gives this function . 
I = 11 yP(8)e-YC~ 1 +d2 +x) dx 
0 R2 
(6) 
A firs order approximati on can be made if all of the 
energy scattered ove r the length of the beam within the 
field of view is c o nce n t ra t ed at the center. Figure 4 
illustrates the ge ome tr y and variables used. The energy 
received at t h e detec tor is 
P(G)e-YCd;+d;) 
I = 2 a· 
R2 
(7) 
a is t h e t o t al energy scattered along the section of the 
























































































































a = 1 - e - YL ~ YL. ( 9) 
Putting these results i n to Equ at ion 7 yields 
(10) 
d ' R 2 
l 2 sineB [ cot(eA + eF) + coteB 
+ 1 2h 
cot e A+ coteB - R] (11) 
d; 
R 2 
2 sine A [ cot(eA + eF ) + coteB 
+ 1 - 2h] (12) 
cote A + coteB R 
R' R [ 2 
2 2 sin8A cot(eB + eF) + coteB 
1 (13) 
cote A + coteB 
Details are given in Appendix c . 
Since the medium under consid e r a t ion has a large 
ex inc ion coefficient,Y, the first - order approximation does 
no remain accurate for e en mode r ate path lengths. 
Restricting the field of view to a small angle, implies a 
small scattering angle as well . Using Figure 3, the fol-
lowing equation describes the e ne rg y received: 
yP( 8) - Y(w+l )d l L -Y(w+l )x 
~------ e 1 e d 













- -R- E [y(w+l) (L+R 1 )]} i.+L ( 18) 
. 1 ( R 





sin8 A • 
R 
1 








E2 (x) = xEi(x) + 
-x e 
Complete deri ation for Equations 14 through 22 are in 
Appendix C . 
For illustration, a comparison of these two methods 
will be made for the 
Case 1 
y = . 5/km = 5 x 




R = 5000m 
following cases : 
10-i./m y = 
8B = 












6.97 x 10-24 I
0
P(G) 
1.10 x 10-21 I 0 P(G) 
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To compu te th e total amount o f l ight leaving the cloud 
after o n ly on e scatter, it wou ld b e necessary to find the 
amo un t of l i ght that exits the cl oud af t er being scattered 
at an y poin t on t he beam , then to i nt egra t e over the length 
of the beam . Since finding the tot a l a mount of light that 
lea es the clo u d f rom a point sour c e wi th out being scattered 
requires i n tegrati on o ver the cl oud surface, the phase 
function , p (8) ' will b e i n volved in thre e in t egrals. This 
would be an ext r emely d iff icult task a t best. To get an 
upper bound , the ass umpti on will be ma de t ha t the cloud 
contains isotro pic scatt erers to approximate the amount of 
light that leaves the cl oud after one scatter. For most 
geometries , this n umber wil l be on the hi gh side, tending to 
enhance the side a n d ba c kscatter and reduce the forward 
sea er . 
small sectio n o f the beam is vi e we d as a point 
source radiating its sca t tered light in t o 4 n steradians 
isotropically , as i l lustrated in Fi gure 5. The amount of 
light reachi n g th e cloud surface i s gi v en by 
I = r2 7T ()) _Q_ e- YS 
Jo Jo 47T 
1 sin8 dA ? 
a = 2 E2 (Yh) . 
(23) 
(24) 
Th e expression for a will s im ply be the scatter at a 
point along the beam . If we consider a beam entering the 
cloud at an angle 8B (e qu ivalent to 8B in Figure 3), and the 




















































































along the beam, we get : 
- YR a = e Y dR . 
Writing this as a function of ~ we ge t 
- y h 
a = Y e sin8B dh. 
sin8B 
Inserting these results into Equati on 
integrating over the entire beam yields 
"1. h 
Itss fa"' 2 
y 
e sin8B E2(Yh)dh 
sin8B 
1 
= ~[ 1 - sin8B ln ( 1 + . 8 ) ] 
sin B 
7T 







The fact that we are integrating from z ero to infinit y 
may seem to violate the small field - of - view criteria set 
forth in the conditions of the single scatte r approximation. 
ost of the energy, howe er, has been scatter e d wi thin s mall 
cloud depths so the integral to infinity adds litt le. The 
detai s of the deri ation of Equation 28 ar e i ncluded in 
Appendi C. 
Multiple Scatter Component 
The multiple scatter phase fu nction has been estimated 
as uniform in the infrared and La mbertian, or cosine 
related, in the visible by Ba uer . 10 These are discussed in 
Appendix D, along with the ex pone n t i al 
(29) 
This f unction is d e r i ved by cons i dering a single 
19 
scattering element . This is the multiple scatter component, 
so the light being scattered by this element can be incident 
from any (or several) directions. Since this is a uniformly 
random variable, the orientation of the particles scattering 
phase function with respect to the cloud boundary will also 
be a uniformly random variable . The "average" particle can, 
therefore , be assumed to be an isotropic scatterer. 
Referring to Figure 6, the ratio of scatter at any angle 
to scatter normal to the cloud's surface (8c = 0) is given by 
yh 
- cos8c 
P( 8c) = _e ___ • 
e-Yh 
(30) 
If \e assume the amount of multiple-scatter energy 
decreases exponentially with optical depth, we can 
concentrate all this energy at an optical depth of 1, as 
dicta ed by finding the weighted average of the depth 
(centroid) as follows : 
r e - Yh 
0 
1 
= y . 
Letting h = l in Equation 30 yiel ds 
y 
1 
PCec) = Ce cosec . 
(31) 
(32) 
The constant, C, is determined in Appendix D to yield 
Equation 29 . 
dV






























































Since this "av erage " particle typifies all particles in 
the cloud, regardless of the number of scatters the light 
has und ergone prior to hitting the scatterer, this same phase 
function (Equation 29) applies to the entire cloud. 
This function closely resembles the Lambertian reflector 
as shown by comparing their plots in Figure 7. In fact, 
since true clouds have irregular boundaries, as opposed to 
the planar boundary assumed , scatt ering at large angles is 
likely to be greater than predicted since not all of the 
path will be inside the cloud . Figure 8 illustrates a beam 
exiting the cloud at an angle approaching 90 degrees. Note 
that some of the scattered beam ' s path is not in the cloud 
as 'ould ha e been the case under the plane boundary 
assumption . 
Complete Equation 
Evaluation of Equation 18 under the assumption that the 
field of view encompasses the area of the cloud where a 
majority of the scattering occurs implies letting d 1 be 0 
and L approach infinity . This yields 
(33) 
Since this is the actual amount of light received, no 
normali zation is necessary. Equation 28 is the total amount 
of single-scattered light that exits the cloud, implying 























































































































































































































from 1 yields 





o < 8B < 21 
24 
(34) 
w hi ch i s a in E q u at i on 2. Comb i n in g E q u at i on s 2 9 , 3 3 and 3 4 
yields: 




This is not just the single scatter phase function 
multiplied by a constant added to the multiple scatter phase 
function multiplied by a constant . e is the angle between 
he incident beam and exiting energy, while 8c is the angle 
bet een the cloud normal and the exiting light. There is an 
angular off set between the two functions that is a function 
of the beam angle . 
A further reduction in complexity can be made by 
appl ing Equation 28 to the single scatter phase function as 




a = ~[ 1 + sin8B ln(l + sin8B)] 
P (e) single scatter phase fun~tion SS -






Finally, we can see that the magnitude of the single scatter 
phase function for most geometries will be very small (see 
25 
Table I). For rough approximations , when the characteris-
tics of the cloud are unknown, we can estimate the cloud as 
a non-ideal Lambertian reflector (the amount not received 
dependent upon the beam angle) of the form 
(40) 
SUMMARY AND CONCLUSIONS 
A model has been described that will compute the amount 
of energy received at a detector by utilizing the scattering 
from dense clouds . The restrictions are stated in the 
model . For practical purposes a further assumption is made 
that the van de Hulst equations have been solved for the 
single-scatter case , 
some o hers . 
as is the case for water clouds, and 
First , the single - scatter component was computed. This 
equation (Equation 18) can be used alone if predominantly 
single scatter is expected , such as atmospheric aerosols and 
thin clouds , if all other assumption apply. If the angle of 
the detector is such that the section of the beam in the 
field of vie' is not totally within the scattering medium, 
modifications , such as computing an effective field of view, 
mus be made . Any losses in the path traversed before and 
after the scattering medium can be accounted for by multi -
plying the model answers by transmission along this path. 
Next , the total amount of single scatter that escapes 
the cloud is computed . The assumption of uniform scattering 
must be applied here to make the problem tractable. For 
most geometries , this will overestimate the amount of single 
scatter escaping the cloud since single-scatter functions 
27 
are heavily forward-lobed. Even so, this approximation 
admits that only 15% of a normally incident beam escapes as 
single scatter. The actual amount will be even smaller. 
Equation 28 is a closed form approximation for the fraction 
of incident light escaping the cloud as single scatter in 
all directions. The rest is multiple-scatter under the no-
absorption assumption . 
A scattering phase function for the multiple scattering 
is then determined by considering a typical scatterer and 
i s phase function , and applying this to the entire cloud. 
The sea ter is again considered isotropic. This time the 
assumption is more valid , however, since the scattering 
function orientation becomes random after a few scatters. 
It is interesting to consider the depth of cloud neces-
sar to scatter a significa nt portion of incident light. 
Consider tha the C . 1 clouds have an extinction coefficient 
of 17 . 58 at 1 . 61 microns . 4 This corresponds to a loss of 90% 
of he incident energ within 140 meters of cloud. Whi le 
much of this is forward scattered, typical cloud depth is on 
the order of several kilometers . 
The subject of absorption must be considered for 
wavelengths abo e about 2 microns. This can be estimated by 
determining the "average" photon path and applying the 
absorption coefficient to this path length. The "reflec-
tivi y" of the cloud can then be reduced by this amount. 
Appendix A 
Single Scatte r Equa t ion s 
The following is a collecti on of formulas guiding the 
scattering of electromagne ti c radiation by spherical par-
ticles , as shown by van de Hulst 2 an d simplifications made 
by Diermendjian 4 for numeric a l co mpu tation of these 
functions and subsequent integrat io n for collections of 
particles of differing size . 
I 
I0Ci1 + i2) 
2k 2 r 2 
(A-1) 
i 1 and i 2 represent the ex i t ing wave's two 
components 
r is the distance from pa r tic l e 
( ) = ! 2n+l t'a n (cos8)+b 1 (cos 8)} 
l : n= 1 n ( n+ 1) n n n n 
s ( ) - [ 2n+l {b TI (cos8) +a 1n( cos6)} 
2 -~=l n(n+l) n n n 




dnn ( cos 6) 






P~ is the associated Lege ndr e polynomials 
_ w~Cy)wnCx) - mwnCy)w~ C x ) 
an - W~Cy)sCx) - rnWnCY)s ' Cx) 
_ mw~Cy)wnCx) - wnCY)w~Cx) 
bn - m' nCY) sCx) - wnCY)snCx) 
2Tia 
x = -X- a = particle radius 
y = mka m = ~ed iuQ index of r ef r act ion 
• c ) · c ) _ 1T Z j 1 I~) n z = z Jn z - 2 n+: \ ..... , 
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CA - 6) 
CA - 7) 
CA - 8 ) 
CA - 9) 
CA - 10) 
C A- 11) 
The following simplifi ca t ions and rec ursive re l ation -
ships were used by Dierme ndjian in his bo ok : 
Ce) 2n-l 1 n = cos e n-1 nn-1 ce) - - n Ce) n- 1 n-2 
0 
1 




(8 ) = 0 
T
1
(8) = 1 




= m +x Re {wn (x)} - Re {wn- i (x)} 
an(m , x) _ _ 
(
An ( Y) n J w ( ) _ C ) --+- nx w 1 x m x n-
(A - 12 ) 
(A - 13) 
( A- 14) 
( A- 15) 
(A - 16) 
(A - 17) 
(A - 18) 
(A - 19) 
(A - 20) 
(mAn(y) + ~) Re{wn(x)} - Re{Wn~ 1 (x)} 
(mAn(y) + ~; wn(x) - wn-i (x) 
( 2n-l ( wn x) = -- Wn-i x) - Wn_2 (x) x 
sin x - i cos x 
w_ 1 (x) = /¥ [J_!(x) = iJ_!(x)] 
= cos x - i sin x 
= Jn-t(y) - yJn+t(y) 
Jn+!CY) 
= 





(A - 24) 
(A - 25) 
(A - 26) 
( A- 2 7) 
Figure A-1 is a phase function for a single particle 






m • 1.33 
s• 10 
1204' ISO- la>-
Figure A-1. Fluctuations in the i 1 and i 2 components o f 
Equation A-1 for a single particle. 2 
Appe n dix B 
Aerosol Size Distri but ion 
The size distributions o f a e ro s ol occurring in nature 
are not well known. First , the a s su mption that particles 
are spherical already oversimplifies the problem. Ice has a 
hexagonal shape with a correspondi ng ly different scattering 
phase function 11, dust particles a nd o th er suspended solids 
are irregularly shaped, and even " sphe rica l " water droplets 
change shape due to turbulence . Yet , if c l ouds and hazes 
are considered, the majority of sc a tte r ers are water 
droplets ery nearly spherically s ha ped . The distribution 
of particle radii are found to have the for m 
0 . ~ r < oo • (B-1 ) 
This function is used by many a uth or s and has been 
verified with experiment a 1 data • 1' 3' 4 ' 5 ' 6 Th e f o 1 1 owing has 
been determined about this function : 
Jn(r)dr 
a+l 1 a - - ca+ ) = y-b Y r --y 












points , is 
ddr n( r) 
0 ' 00 and 
is given by 
r =Yra 




this f un cti on, usef u l for finding 
(a-Ybry) e -bry (B - 6) 
critical points whe re re, the mode 
(B-7 ) 
For thick cumulus clouds , the closest model for which 
Diermendjian has computed phase function tables i s th e C.l 
model. Figure B-1 is a summary of the parame t ers 
describing this model, Figure B- 2 is a plot o f this 
par icle size distribution . 
a 2 . 373 
b = 1. 5 
y 1. 0 
Ct = 6 
n(r) = 2.373 r 6 e - i . sr 
= 100 particles/cm 3 
re = 4 µm 
n(rc) = 24 . 1 particle s /µ c m 
Bex 11.18@ 10 
sex 16 . 73@ . 70 

































































































































The following details the derivation of single-scatter 
irradiance received by e detector. Ref er to Figure 3 for 
location of variables in the equations. 
The assumption made is that the scattering angle is 
constant, therefore, triangles ABC and ADE are similar. The 
following is e ident from this observation: 
rewriting Equation 16 
substituting C-1 and C-2 into C-3 yields 
YP(0) Y( l)d f,Le-Y(w+l)x I = - w+ i dx 









a = Y(w+l) 
1 











S b - .Y.::l. 1 u stituting y =bx+ 1, x - b , dx =bdy 
- A f.bL+l 
I - b 
1 
a A -










B -- dy y2 
1 
where a 
B = A eo = yP(8) eY(w+l)(R 1 -d 1 ) b K2R1 
a 
c = b = Y(~+l)R 1 
L R 1 +L 12 = bL+l = -+ 1 =~ . R1 
Breaking this into two integrals : 
co -c co -cy 
I B[ ~ \2 dy - { \2 dy l 
2 
35 
(C - 9) 
(C - 10) 
( C- 11) 
(C - 12) 
(C - 13) 
(C - 14) 
(C - 15) 
In the second integral, the following substitution is 
made: 
which yields 
I = B[ J.co e-cy dy -
1 y2 
co -cy 
B[ { 7 dy 
From Abramowitz and Stegen 12 , pg. 228, Equation 5.1.4 
(C - 16) 
(C - 17) 





Equation C-11 can be integrated directly in terms of the 
exponential integral function as follows: 
I 
e- cy L 









E q u a t i o n C- 2 2 c om e s f r o m G r a d s h t e y n a n d R y z h i k 13 p g • 9 3 , 
Equation 3 . 325.2 . 
Though Equation C-23 uses the popular exponential 
integral function, Equation C-1 9 is in a simpler form. 
The follo\ing relationship can be derived between the expo-
nen ial integral and E 2 (x) : 
Ei(-x) -E 1 (x) 
=l[E 2 (x) - e-x]. x 
(C-24) 
(C-25) 
Figure C-1 is a plot of the exponential -integral function 
The necessary parameters, K, R1 , d 1 and L can now be 
determined from the gi en variables, 8F, 8B, Y, h, and R 


























































































































































































































To compute K, the ratio of the sides of the triangle: 
he 
=~=sin8A 






are found as follows: 
R 
sin8B 
= sin8 A 
cot8A + coteB 





_l_ [ R _ h] (C-28) 




sin8B(cot8A + cot8B) 
R sin(8A+8B) 
· e · 2 e • sin A sin B 
L is determined as follows : 
R h + h - --,.--------.....,....--
1 - cot(8A+8F) + cot8B 
h+h1 





= 1 (C-33) 
sinSB [cot(8A+e;) + cot8B] 
R 1 
L = sin8B [cot(8A+8p) + cot8B 
1 
cot8 A + coteBJ.( C-34) 
39 
These values also correspond to the variable in the first-
order approximation as follows: 
d' R [ 2 = 2 sin8B cot(8A+8f) + cot8B 1 
+ 1 - 2h] (C-35) 
cot8A +. cot6B R 
d' R [ 2 = 
sin8A cot(6A + 8B) + cot8B 2 2 
+ 1 - 2h] (C - 36) 
cot8 A + cot8B R 
R 2 
R; = 2 sin8A [ cot(8B + 8F) + cotSB 
1 (C - 37) 
cote A+ cot8B ] • 
If d 1 = 0 and L = 00 , which implies that all single scatter 
radia ion is within the field-of-view, and keep 11 oo" small 
enough for P(G) to be constant . 
(C - 38) 
Equation C-38 could be integrated for all ground points 
by writing all variables in terms of ground coordinates to 
determine the total amount of single scatter emitted from 
the cloud . Something would have to be assumed about the 
phase function , Pc e ) , before integrating since the 
scattering angle can no longer be assumed constant. The 
standard assumption is that of an isotropic radiator, making 
the phase function independent of angle. This will give 
values close to those expecte d with other phase functions if 
the integration interval is large enough. 
40 
The i sotro p ic scatterer as s ump ti on will be made here. 
Rather than integrate Equ ati on C-3 8 , the beam will be broken 
into an infinite num b er o f small i sotropic radiators. The 
amount of scatter radiatio n th a t ex its t he cloud from point 
scatterer will then be com puted a s a function of position in 
the beam . These will then be s u mmed (integrated) to yield 
the total single - scatter radiati o n t o e x it t h e cloud. 
Figure 5 shows an isotropi c radiator of magnitude a 
located a distance h from a planar su r f ac e . Circular coor -
dinates will be used on this s u rface to compute the total 
energ incident on the planar surface bel ow. The following 
equation computes this energy : 
00 21T a e-YS 
Ip Jo Jo 41T 7 sin8 dA (C - 39) 
sin8 h (C - 40) s 
dA = r dr d<t> r = I S 2 - h 2 
= S dS d<t> (C - 41) 
ah r r -YS Ip e d<t> dS = 41T S2 (C- 42) 
Oh r e-YS =-y --2 - dS. s (C - 43) 
41 
Substituting y = s h' L hy, dL h dy yields : 
a Ioo e-Yhy 
Ip = 2 y2 
1 
dy (C - 44) 
a (C - 45) 
= 2 E2 (Yh). 
Note that if h were small, we would expect the e xiting 
energy to approach ~ since there would be iittle loss in the 
medium . As expected , E 2 (0) = 1. 
If we assume that the point source is actually a dif -
ferential scattering element along the beam, we must relate 
the magnitude to the height above the cloud boundary. If we 
le the beam enter the cloud at 8B and locate the scattering 
element at a distance R from the cloud boundary along the 
beam 'e get : 
a = e-YR YdR 
h 
- y(sin8B) dh 
e y . e 
sin B 
(C - 46) 
(C- 47) 
(C - 48) 
Putting this into Equation C-45 and integrating over 
the entire beam: 
=r 
r h 
I y sin8B E2(Yh) dh. SS 2sin8B 
e 
0 
(C - 49) 
Substituting y = yh 
y_ 
1ss = ' 
1 sin8B E2(Y) dy 2sin8B 
e 
(C-50 ) 
a Joo e-ay Iss = 2 E2( y) dy 
0 
1 a = ---,---
sin8B • 
12 
From Abramowitz and Stegen , we find ; 
1
00 
e- at E2(t) dt = 3 [ln(l+a) -a] 
0 a • 
pg . 230 , 5.1.34 
So, 
-1 Iss = 28 [ln(a+l}- a] 
= ! [l~aln(l+a)J_ 
= ![l - sin SB ln (l+ siie~ )] 
. B 
The following limits can be computed 
Iss lx2=tll - ln(2)] = .1 534 . 
2 
1T 
0 < eB < -2 • 
42 
(C - 51) 
(C - 52) 






Figure C-2 is a plot of single scatter to to t al scatter as a 






























































































































































































































Phase Function Norm al iz a ti on 
The following describes the met h od for normalizing a 
phase function for use in Equati o n 35, such that the energy 
reaching a hemisphere at any dist a nce fro m t he source will 
be one, as required by conservation o f energ y theorems. 
Consider a point source radiating i nto a hemisphere as 
shown in Figure D-1 . At any point in t h e shaded annulus, 
the radiance will be the same . If we find th is radiance and 
multiply by the area of the annulus , the r e s u l t is the 
irradiance on the annulus. Integrating thi s o ver the range 
of e, will yield the total radiance . Thi s must be 1. From 
Figure D-2, the width of the annulus is gi ve n by 
d6 
\.. = 2R tan 2 
Since d is small, this can be reduced to 
W = R d8 • 
The radius of the annulus 
r = R sine • 
The area is then 
a~ = 21TR2 sine de • 
is gi en by 
The irradiance at any point on th e annulus is 
MP(G) 
Ri • 








































(ij ..0 ...__,...__, 
1T 
f. T 2rrM ~ (R2 sin8) d8 = 1 
0 R 
TT 




For the isotropic radiator, P(8) 1. From Equation D-7 
2rrM J J. sin8 d8 = 1 
0 
TT 
2rrM[ -cos8 J2 = l 
0 
1 M --- 2TT • 
For the Larnbertian reflector, P(8) = cos8. 
mates the multiple scatter in clouds. 
Putting this into Equation D-7, 
lL 
2irM r2 cos8 sin8 d8 = 1 
'O 
2nM ~ 1 sin(28) d8 = 1 
TI 
21TM[-1cos(28)]~ = 1 
TIM = 1 
1 
M = 1T • 
1 
-C'OSlr 
If we let P(8) = e , Equation D-7 yields 
7T 1 
f 7 -
2n M fo e cose sin8 d8 = 1, 




This ap proxi -
(D-11) 
(D-12) 
(D -13 ) 
(D -14 ) 
(D-15) 
(D-16) 




2rr M J00 e-
2
x dx = 1 
1 x 
47 
(D - 19) 




From tables , E2 (1) = .14 8495 . This phase function becomes 
1 
(D - 21) 
P(0 ) 1 e - cos(0) 2rrE2 (1) 
1 
= 1.0718 e - cos(G) . (D - 22) 
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